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(7.5.3) Let (/„) be a sequence of functions in *F(E) which converges simply
to a function g and is equicontinuous at x0 (resp. equicontinuous). Then g is
continuous at x0 (resp. continuous).
Indeed, suppose ||/n(x0) -/„(*) || < « for any x such that 4*, *0) ^ d
and any /z; then, by the principle of extension of inequalities, we have
l\g(x) - g(x0)\\ < £ for any x such that d(x, X0) ^ d. Q.E.D.
(7.5.4)   In the space *F(E), /A* ctewre o/ awj equicontinuous subset is
equicontinuous.
This follows at once from (3.13.13) and from the proof of (7.5.3).
(7.5.5) Suppose F is a Banach space, (fn) an equicontinuous sequence in
*{?(E), and that for any point x of a dense subset D ofE, the sequence (fn(x))
is convergent in F. Then the sequence (fn) converges simply to a (continuous)
limit g.
As F is complete, we have to prove that for each x e E, (fn(x)) is a
Cauchy sequence in F. Now for any s > 0, there is a 8 > 0 such that the
relation d(x9y)^ d implies \\ftt(x) -fn(y)\\ < e/3 for every n. On the other
hand, there exists y e D such that d(x9 y) < d, and by assumption, there is
an tzo such that ||/m(y) —fn(y)\\ < e/3 for m ^ n0, n ^ n0. It follows that for
m^n0,n&n09 \\fm(x) -fn(x)\\ ^ s. Q.E.D.
(7.5.6)   Suppose E is a compact metric space, (/„) ^z« equicontinuous sequence
in Vf(E). If(fn) converges simply to g in E, it converges uniformly to g in E.
Given s > 0, for each x e E there is a neighborhood V(#) such that the
relation yeV(x) implies !!/„(*)-/*GOII <£/3 for every n. Cover E by a
finite number of neighborhoods Vfo); there exists an tio such that for
n^n0, we have \\g(xt) -fn(x^\\ < s/3 for all the indices /. But for any
x e E, x belongs to one of the Vfo), hence we have ||/M(;c) -/n(xt)|| ^ 8/3 for
all n, and letting n tend to +00, this yields \\ff(x)-ff(xj)\\ ^ e/3. Hence we
have \\g(x) -fn(x)\\ < e for any n^n0 and every x e E. Q.E.D.
(7.5.7)      (Ascoli's theorem)   Suppose F is ^ JETonacA j/wce ^«rf E a compact
metric space. In order that a subset H of the Banach space #F(E) be relatively

